


| .

TERMINOLOGY

alternate segment
arc

concyclic
cyclic
intercepts
proof
secant
subtend
tangent

Prior learning

GEOMETRY

CIRCLE
GEOMETRY

6.01 Angles at the centre of circles

6.02 Angles at the circumference of circles
6.03 Semicircle angle

6.04 Arcs and chords

6.05 Intersecting chords

6.06 Tangents and secants

6.07 Figures in circles

6.08 Mixed circle problems

Chapter summary

Chapter review



CIRCLE PROPERTIES AND THEIR PROOFS INCLUDING THE
FOLLOWING THEOREMS

An angle in a semicircle is a right angle (ACMSMO029)

The angle at the centre subtended by an arc of a circle is twice the angle at the circumference subtended by the
same arc (ACMSMO030)

Angles at the circumference of a circle subtended by the same arc are equal (ACMSMO031)

The opposite angles of a cyclic quadrilateral are supplementary (ACMSMO032)

Chords of equal length subtend equal angles at the centre and conversely chords subtending equal angles at
the centre of a circle have the same length (ACMSMO033)

The alternate segment theorem (ACMSMO034)

When two chords of a circle intersect, the product of the lengths of the intervals on one chord equals the
product of the lengths of the intervals on the other chord (ACMSMO035)

When a secant (meeting the circle at A and B) and a tangent (meeting the circle at T) are drawn to a circle
from an external point M, the square of length of the tangent equals the product of the lengths to the circle on
the secant. (AM x BM = TM?) (ACMSMO036)

Suitable converses of some of the above results (ACMSMO037)

Solve problems finding unknown angles and lengths and prove further results using the results listed above.

(ACMSMO038) .

6.01

There are many theorems in Euclidean geometry that relate specifically to circles. The centre of a
circle is usually labelled as O.

INYSSIRICZNMOINI The angle at the centre of a circle

Consider the circle with points A, B and C on the circumference, with lines AO, BO, AC and
BC as shown. ZACB is on the circumference and ZAOB is at the centre, as shown in the

diagram below.
C

Construct the segment CO and extend it to point D as
shown on the top right.

For convenience, write ZCAO = o. and ZCBO = f3.
What kind of triangle is ACOB?
How do you know?

What is ZBCO equal to? 4
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How is ZDOB related to ZBCO and ZCBO?

C
What is ZDOB equal to?
What is ZDOA equal to?
How do you know?
What is ZAOB equal to? P
What is ZACB equal to? A

What does this prove about ZAOB and ZACB?

What does this prove about angles subtended at the centre and circumference of a circle by the
same arc?

Circle properties can be explored with CAS calculators.

Use a Geometry page.

Use [meny, 5: Shapes and 1: Circle to draw a circle.
Use the ‘point’ to place the centre and move out
to place the circumference.

Then use [meny, 4: Points & Lines and 5: Segment
to draw the lines shown on the screenshot on the
right.

Now use [mend], 6: Measurement and 4: Angle to
measure some of the angles. Move the ‘point’ to a
point on one ray of the angle (even one of the
ends of the segment), the centre point of the
angle and a point on the other ray of the angle.
Notice in the screenshot that the angles have been
rounded so they may not be exactly as shown.

Now use [meny], 4: Points & Lines and 1: Point.
Grab a point on the circle. Move it around the
circumference. What do you observe?
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ClassPad
Use the Geometry menu.

Use the top menu bar to choose the circle o File Edit View Draw
drawing tool [©)]. L B EN DR

ElEREEN |
BHEOCNN

To draw a circle, tap a point in the middle of the o File Edit View Draw
screen for the centre and a point further out that B[l AT
will be on the circumference of the circle.

From the menu where you found || choose the
line segment tool |.—| to draw the angle
subtended at the centre and two angles subtended
at the circumference (including one at point B)
from the same arc.
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To draw a line from the circumference to the o File Edit View Draw
centre, first tap a point on the circumference, = l‘ Al
then tap point A.

S

© File Edit View Draw

[ml‘v];\[-[_L],

S

Tap the selection arrow
Select lines AC and AD for £ CAD by tapping
them.

© File Edit View Draw

_OEGOENGESQED
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Tap the top right arrow [ ]. o _File Edit View Draw

Touch and drag the angle measurement below the LA 458 O ES QI ES 0 EE
circle.
Tap the arrow [4] and repeat the sequence above £ 36.90
for N CED and m CBD, but drag the E
measurements to the top left and top right of the
circle.

Note: Before selecting the next angle, you may
need to tap a blank area of screen to remove all
previous selections.

£ 36.90

IMPORTANT

Theorem 1: Angle at the centre of a circle K

The angle at the centre subtended by an arc of a circle is twice
the angle at the circumference subtended by the same arc.

\ arc/

O Example 1

Find the value of the unknowns.
a b

A

=7

Solution

a ZCAB and ZCOB are both standing on x=2x23° (Angle at centre)
arc BC.

Write the answer. Sox=46°
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b Find the reflex ZPQR. Reflex ZPOR = 360° — 156° (Revolution)
=204°

Z PQR and reflex £ POR are both on the 2w =204° (Angle at centre)
major arc PR.

Write the answer. w=102°

2ENCCIHXNM Angles at the centre of circles

Concepts and techniques

1 Find the value of the pronumerals (O is the centre of each circle) in the circles below.

2 Find the values of all pronumerals (O is the centre of each circle) in the following circles.
a b
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3 Find the values of all pronumerals (O is the centre of each circle) in the following circles.

a b

/

° "y

319

Reasoning and communication

4 Find the value of x and y, giving reasons.

5 Find the value of x and y, giving reasons.

6 Find the value of x. Give reasons for each step in
your calculation.

7 The circle has centre O and ZDAB=0.
Show that ZDAB and ZBCD are supplementary.

Specialist 11

)

9780170250276



ANGLES AT THE
CIRCUMFERENCE OF CIRCLES

L= N OINeICAGI Angles at the circumference

The spreadsheet ‘Angles at the circumference’ is available on NelsonNet. You can use the Angles o the
spinners to change the positions of the chords and angles. Use the spreadsheet to investigate
their relationship.

Angles at the circumference

Chord
Instructions End 1 End 2 Angle 1 Angle 2
Use the spinners to change the a | - ~ | ~ ‘
positions of the chord and
the positions of the angles |

Consider the situation in the diagram on the right.

What is ZAOB?

What does that make ZADB?

What is the relationship between ZAOB and LADB?

Is the relationship still true if you erase the centre and the lines AO and BO?

Would this relationship be true for other angles at the circumference
standing on the same arc?

IMPORTANT

Theorem 2: Angles on the same arc

Angles at the circumference of a circle subtended by the same arc
are equal.

\ arc/
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O Example 2

Find the value of the unknowns in the circles below.

]
/ p

Solution
a /DCA and ZDBA are both standing on arc AD. x = 25° (Same arc)
b ON = OL are both radii. ZLNO = 40° (Isosceles A)
o ZLON =100° (ALNO angle sum)
Z LPN and Z LON are both on arc LN. .. ZLPN =50° (Angle at centre)
Use AQPN to find ZMNP. ~. ZMNP = 25° (AQPN angle sum)
Z MNP and w are both on arc PM. .~ w=25° (Angle at centre)

There is no unique solution to examples like the ones shown above. You should aim for the most
efficient solution. The solution requiring the least number of steps is the most ‘elegant.

AERCRIAR Angles at the circumference
of circles

Concepts and techniques
1 Find the values of all pronumerals (O is the centre of each circle) in the circles below.

@

/
SO ¢
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2 Find the value of the pronumerals in the circles below, giving reasons.

a b P .
! )
SR
c d

Reasoning and communication

3 a Prove that AABC ||| ADEC. DE
b Hence find the value of x, correct to 1 decimal place. y

>~}

4 Prove that ASTV and AWUYV are similar. Hence find the length x (V§). U

5 Show that AD || BC in the circle below. A
D l
C
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6 (Proof of Theorem 2)
a Construct a circle with arc AB and construct ZACB and ZADB on the circumference of the
circle such that C and D are not on the arc AB.
Mark the centre and draw in the lines AO and BO.
What can you say about ZAOB and ZACB?
What can you say about ZAOB and £LADB?
What does this prove about ZACB and LADB?
Set out a formal proof that angles subtended by the same arc on the circumference of a circle

-~ 0 o 0 T

are equal.

6.03

The angle in a semicircle is a special case of Theorem 1, where the angle at the centre is 180°.

INISINC/NMONI The angle in a semicircle

Consider the circle with diameter AC and point B on the circumference as shown.
Let ZABC=o.

We know that AOC is a straight line.
What is the size of ZAOC?

Now using Theorem 1, what can you say about A pe @
ZAOC and ZABC?

Therefore what is the size of ZABC?

What does this prove about o, the angle at the circumference
subtended by the semicircle?

IMPORTANT

Theorem 3: Semicircle angle
An angle at the circumference subtended by a diameter is A
a right angle.

Conversely, a chord that subtends a right angle at the
circumference is a diameter.

194 Specialist 11 9780170250276



Use a Geometry page.

Use [mend), 5: Shapes and 1: Circle to draw a circle.
Use [mend), 4: Points & Lines and 4: Line to draw a
line from the circumference through the centre.
Use [mend), 4: Points & Lines and 3: Intersection Point
to select the line and a point on the circumference
to extend to the other side of the circle.

Use Line Segment to draw the other lines shown on
the screenshot.

Use 6: Measurement to measure the angle
subtended by the diameter (see page 185).
Now grab the point and move it around the
circumference. What do you observe?

Use the Geometry application.

Use the line segment tool

then tap two points on the screen. This will
draw a line between points A and B that will
become the diameter of a circle.

Tap the selection arrow || and select AB.

Tap Draw, then Construct, then Midpoint. Point C
will appear.

Select the circle construction tool [)], tap C to
select it as the centre and then tap either A or B.
Use the line segment tool || to draw AD and BD
so D is on the circumference.

Tap the selection arrow [ik{| and select N ADB by
tapping AD and BD.

Tap the top right arrow[ > ].

Drag the measurement of £ ADB down onto the
screen.

9780170250276

e

AT ®

© File Edit View Draw

a0z F3E

i< 9U. 00}
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Angles in
semicircles and
subtended by

equal chords

Tap a blank part of the screen and then tap D. Hold © File Edit View Draw

the stylus point on D then move the point by
dragging it. Try moving the other points.

O Example 3

[vo] v ][2.55,1.125] [«

£ 90,00

[2.55,1.125) am

Find the value of the unknowns in the circles below.

a /\ b
O
P‘;37° x;lQ
R

Solution

a PQis a diameter.
Use the angles in the triangle.

b Use the converse of the theorem.

Now use the theorem normally.

23° and c are both on the arc KL.

Use the exterior angle rule for f.

ZPRQ =90° (Semicircle angle)
x=53° (APRQ angle sum)

KN is a diameter (Semicircle angle converse)
s ZKLN=90° (Semicircle angle)

Soa+20°+ 23°+90° = 180° (AKLN angle sum)
soa=47°

¢ =23° (Same arc)

.. f=43° (Exterior angle of APKN)
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EXOSIAEY Semicircle angle

Concepts and techniques

1 Find the values of all pronumerals (O is the centre of each circle) for the following
circles.
a b

&
2

2 Find the values of all pronumerals (O is the centre of each circle) for the following circles.

a b

Wi
=¥

Sl
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3 Evaluate x, giving reasons for each step in your working out.
' D
A

>~}

Reasoning and communication

4 (Proof of the converse of Theorem 3, i.e., that the vertices of a right-angled triangle lie on a
circle with the hypotenuse as the diameter.)

a

«Q - 0 o 0 T

Construct a diagram showing a right-angled triangle PRQ, with the right angle at R and the
midpoint of PQ at S.

Draw in the point X such that PRQX is a rectangle.

Connect S and X.

Given that PRQX is a rectangle, what can you say about the lengths of PQ and RX?

What is the significance of the point S in relation to PQ and RX?

Therefore, what can you say about the lengths SR, SQ, SP and SX?

Therefore, S is the centre of the circle passing through which points?

Set out a formal proof that the vertices of a right-angled triangle lie on a circle with the
hypotenuse as the diameter.

5 Alternate proof of an angle in a semicircle.

a

oJQ " o o 0 o

6 AB=6cmand BC=3 cm. O is the centre of the circle.

Show that the radius of the circle is # cm.

198

Construct a diagram showing a circle with O as the centre, AB as the diameter and a point C
on the circumference such at ABC forms a triangle. Let ZACO = 0. and ZBCO = 3.

What sort of triangles are ACO and BCO? c
Which angle is equal to ZACO? B

Which angle is equal to ZBCO?

What is the size of ZAOC in terms of 0?2

What is the size of ZBOC in terms of 3?

What is the size of ZAOB in terms of o and 32

Complete the statement: 20 + 23 = °
Lo+P= °

Set out a formal proof that the angle in a semicircle is 90°.

S
o
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7 The circle has centre O.
a Evaluate x and y.
b Show that AD = BC.

8 A circle has centre O and radius r as shown.
a Show that triangles AOB and ABC are similar.
b Show that BC=+/2r.

6.04

It is possible to relate equal chords or equal arcs to the angle subtended at the centre of a circle.

Equal chords subtending equal angles

Consider a circle, centre O, with chords AB and CD as shown.

Let ZAOB=o0.and ZCOD = . PPN
Which congruence test would you use to prove that AAOB and ‘v
C

ACOD are congruent?

What can you say about ZAOB and ZCOD?

What does this prove about the angles subtended at the
centre of a circle by equal chords?

Is the converse true?

IMPORTANT

Theorem 4: Centre angles on equal chords

e : T
Equal chords of a circle subtend equal angles at the centre.
Conversely, equal angles at the centre subtend equal chords. ,
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It follows that the angles subtended at the centre or at the circumference by equal arcs are also
equal. Conversely, equal angles at the centre subtend equal arcs.

A B
C‘
D

a Find the value of m.
b In the diagram, YZ =15 cm. Find the length of UV.

DE

2]
o

t\q
=
N s
b
=
< <

Ft— <
Solution
a DE=FG m =27° (Equal chords)
b £YXZ=,2UXV UV =15 cm (Equal chords/arcs converse)

Another theorem relates the perpendicular bisector of a chord to the centre of the circle.

INVESTIGATION The bisector.Of a chord paSSing thrOUgh the
centre of a circle

Consider a circle, centre O, with chord AB. Let M be the
midpoint of AB.

Join AO, BO and OM.

Which congruence test would you use to prove that AAMO
and ABMO are congruent?

Why are ZAMO and ZBMO equal?
What is the sum of ZAMO and ZBMO?

€

Therefore, what is the size of LZAMO?

What does this say about the angle between the bisector of a chord and the chord?
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Theorem 5: Chord bisector

IMPORTANT

A radius that bisects a chord is perpendicular to the chord.

The following results (corollaries) follow from the previous theorem. o

1 The perpendicular bisector of a chord passes through the centre of a

circle.

2 The line passing through the centre of a circle perpendicular to a

chord bisects the chord.

3 The perpendicular bisector of a chord bisects the angle at the centre of

a circle subtended by the chord.

4 Equal chords are equidistant from the centre of a circle.

a AC=16 cm and OB = 5. Find the radius.

A

<7

a OB L AC, so Bis the midpoint of AC.
Use Pythagoras’ theorem.
Substitute values.
Write the answer.

b PR=QR, so OR is the perpendicular bisector
of PQ.

9780170250276

b Find the value of 3.

P

s

Q
AB = 8 cm (Chord bisector corollary)
OA®* = OB® + AB’
=5"+8° =89
Radius = V89

B =36° (Chord bisector corollary)
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DENOINHAEN Arcs and chords

Concepts and techniques

1 Find the values of all pronumerals (O is the centre of each circle) in the following
circles.

b

S

.
B @

8cm

2 Find the values of all pronumerals (O is the centre of each circle) in the
following circles.

a b
O
‘5
~_ 7 _~
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3 Find the exact radius of a circle with a chord that is 8 cm long and 5 cm from the centre.

4 A circle with radius 89 mm has a chord drawn 52 mm from the centre. How long, to the
nearest millimetre, is the chord?

Reasoning and communication A
5 In this circle, O and P are the centres of intersecting A
circles with radii 20 cm and 8 cm respectively. AB is the

Prove that AOAP = AOBP and hence find the distance
OP correct to 1 decimal place.

common chord through the intersections of the circles. ‘ﬁ"
B

6 In the circle below, show that AB = CD.
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7 In the circle on the right, AC=20 cm and AD =26 cm. Find OB,

correct to 1 decimal place. A LE

[Proof that the perpendicular bisector of a chord bisects the angle at the centre of a circle

subtended by the chord.]

a Construct a chord AB on a circle with centre O. Join AO and BO. Join the midpoint
Mof ABto O.

b Use a congruence test to prove that AAMO = ABMO.

¢ What can you say about ZAOM and ZBOM?

d Set out a proof that shows that the perpendicular bisector of a chord bisects the angle at the
centre of the circle subtended by the chord.

[Proof that equal chords are equidistant from the centre of a circle.]

a Construct two equal non-intersecting chords in a circle. Label them AB and CD. The centre
of the circle is O. Construct AO and CO.

Join the midpoint F of AB to the centre O. Join the midpoint G of CD to the centre O.

Use a congruence test to prove that AAFO = ACGO.

What can you say about the lengths FO and GO?

Set out a formal proof that equal chords are equidistant from the centre of a circle.

o o N o

6.05

If two chords intersect, we can relate the lengths of the resulting intercepts.

INISSANC/NMONI The intervals of intersecting chords

Consider the circle with chords AB and PQ intersecting
at X as shown. Join PB and AQ.

Which similarity test would you use to prove =
that the resulting triangles APBX and AAQX are similar?

What can you say about the ratios of the matching sides
PB BX PX

—,—and —?

AQ QX  AX

Why does AX - BX = PX - QX?

What does this say about the products of the lengths of the B
intervals on two intersecting chords?
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IMPORTANT

Theorem 6: Intersecting chords

A
When two chords of a circle intersect, the product of the 5
lengths of the intervals on one chord equals the product of
the lengths of the intervals on the other chord.
In the circle, AX - BX = PX - QX Q
B

O Example 6

Find the value of the unknowns in the following circles.

b '

a

&

Solution
a Use the theorem. x X 9=3x12 (Intersecting chords)
Solve the equation. 9x =36
x=4
b Use the theorem. x(x + 5) =4 x 6 (Intersecting chords)
Expand brackets. x* + 5x =24
Factorise. X +5x—-24=0
Find the values of x. (x=3)(x+8)=0
x=3orx=-8
A length cannot be negative. Sox#-8
Write the answer. x=3.

9780170250276 CHAPTER é: Circle geometry | 205



RENOSIRAEY Intersecting chords

Concepts and techniques

1 Find the values of all pronumerals (O is the centre of each circle) in the
following circles.

114 m

b

3 Find the pronumerals in the circles below.
a II b
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Reasoning and communication

4 Theorem proof
a Prove that triangles ABC and EDC are similar.
b Show that AC- CD=BC- CE.

There are a number of theorems relating a tangent to a circle.

INViaSilcI\se\@ [he relationship between the radius and a tangent
at the point of contact

Consider a circle where T is the point of contact
of a tangent with the circle. A and B are any
other points on the tangent as shown.

Join line segments AO, BO and TO.

TO is a radius because T lies on the circle.
Why are AO and BO longer than the radius TO?

By definition, what is the shortest distance from

a point to a line?
What is the shortest distance from O to the tangent?
Why is TO perpendicular to the tangent?

What does this say about the angle between a tangent and a radius at the point of contact?

IMPORTANT

Theorem 7: Tangent and radius
A tangent drawn to a circle is perpendicular
to the radius at the point of contact.
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The next theorem relates the two tangents that can be drawn to a circle from an external point. You

will prove it in Exercise 6.06.

Theorem 8: External tangents

Tangents drawn to a circle from an external
point are equal in length.

O Example 7

IMPORTANT

a TRisatangent.

b The points A, B and C lie on the circle.

A
>
O
P
69°
C
w
T R B 8cm
Q
Find the value of w. Find the length of PQ.

Solution

a  Find a second angle. ZOTR =90° (Tangent and radius)
W+ 69°=90° (AOTR angle sum)
w=21°

b Use the tangents. PB =15 cm (External tangents)

Use the other tangents. QB = 8 cm (External tangents)
S PQ=15+8
=23 cm
The next theorem is known as the alternate segment theorem.
NELSON SENIOR MATHS Specialist 11 9780170250276




INSSINC/NMONI The alternate segment theorem

Consider the circle with chord CB and tangent CD meeting at C as shown.

B

© D

Let ZBCD =0, ZBAC = . Join OC and OB. Let ZOCB =Y.
What is the relationship between ZCOB and ZBAC?

What type of triangle is COB?

Explain why ZOBC =.

What can you say about ZOCD?

Explain why 8 + y=90°.

Explain why o + y=90°

What does this say about o and 3?

IMPORTANT

Theorem 9: Alternate segment
The angle between the tangent and a chord is
equal to the angle in the alternate segment.

In the diagram, ZTAB = ZBTM.

A further theorem relates a tangent to a secant. You will prove this in Exercise 6.06.
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IMPORTANT

Theorem 10: Tangent and secant

When a secant and a tangent are drawn to a circle A
edrece e from an external point, the square of the length of the

tangent equals the product of the lengths

to the circle on the secant.

In the diagram, AM - BM = TM?

O Example 8

Find the values of the unknowns.

a DCisatangent. b VW isa tangent.

Y

Solution
a BFis a diameter. ZBAF =90° (Semicircle angle)
Use the right angle. w = 58° (Complementary)
BO is a radius. ZCBO =90° (Tangent and radius)
p =63° (Complementary)
Look at BC and ABEA. v =27° (Alternate segment)
b Use the theorem. ala+5)=6 (Tangent and secant)
Expand brackets. a’ +5a=36
Write in standard form. a’+5a-36=0
Factorise. (a—4)(a+9)=0
a=4ora=-9
a is a length. But a > 0, since a is a length, so a # 9.
Write the answer. a=4.
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RERORIFHUY Tangents and secants

Concepts and techniques

1 Find the values of the pronumerals in the following circles.

a b
l O
\"36\ X
12m
C
38°
e
9
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2 Find the values of all pronumerals (O is the centre of each circle; all external lines
are tangents) in the following circles.

, : -

5.7 cm

(A;‘ /\

KON

3 Find the values of all pronumerals in the following circles.

a b
740 26° Z

Y
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Reasoning and communication
4 Find AB, given AD=4.9m,BC=5.1mand CD=7.8 m.
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5 [Proof of Theorem 8]

a

o o N o

Construct a circle with tangents EQ and EP, where E is an external point and Q and P are
the points of contact of the tangents with the circle.

Join OP, OQ and OE.

Use a congruence test to prove that APOE and AQOE are congruent.

Explain why PE and QE are equal in length.

Set out a proof that shows that tangents drawn to a circle from an external point are equal in
length.

6 [Proof of Theorem 10]

a

« - o o 0 T

Construct a circle with tangent TM meeting the circle at . Mark a point A on the
circumference and join A to M, meeting the circle at B.

Join AT and TB.

Use a similarity proof to show that ATAM ||| ABTM.

Which test did you use?

Write a statement about the matching sides.
AM TM

™ BM
Is it true that AM - BM = TM™?

Set out a proof that shows that the square of the length of the tangent to a circle is equal to
the product of the lengths to the circle on the secant.

Explain why

6.07

You saw in Section 6.03 that the angle in a semicircle is a right angle. This theorem relates to a
right-angled triangle inscribed in a circle. There are also theorems related to quadrilaterals
inscribed in circles. These are called cyclic quadrilaterals.

IMPORTANT

A cyclic quadrilateral is a quadrilateral A

whose four vertices lie on the circumference of a circle.

In the diagram, ABCD is a cyclic quadrilateral.
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Opposite angles in a cyclic quadrilateral

Consider the circle with cyclic quadrilateral ABCD as shown.
Join OB and OD. A

Let ZDAB = o and ZDCB = 3.
What is the size of obtuse ZDOB standing on arc DCB?

B
What is the size of reflex ZDOB standing on arc DAB? @
Explain why 20t + 2B = 360°. \
What does this say about the sum o + [3? ¢
What does this say about the opposite angles in a cyclic quadrilateral?
IMPORTANT
Theorem 11: Opposite angles of a cyclic quadrilateral
The opposite angles of a cyclic quadrilateral are supplementary. B
In the diagram, o + 3 = 180°.
B
D N
@
The next theorem will be proved in Exercise 6.07.
IMPORTANT
Theorem 12: Exterior angle of a cyclic quadrilateral
The exterior angle of a cyclic quadrilateral is equal to A
the interior opposite angle.
B
D é /b
AN ;
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O Example 9

Find the value of the unknown angles in the circles below.

a p b

E
Solution
a PQRSis a cyclic quadrilateral. o.= 180° — 47° (Opposite angles of cyclic quadrilateral)
=133°
b B and 35° are both on NR. B =35° (Same chord)
Find the opposite angle. ZSTR=35°+29°=64°
Find the exterior angle. w = 64° (Exterior angle of cyclic quadrilateral)

It is possible to draw a circle through any three non-collinear points. Special conditions must apply,
however, for four or more non-collinear points to lie on a circle. These conditions relate to the
converses of Theorems 11 and 12. The converses of Theorems 11 and 12 are also true.

IMPORTANT
Four or more points are called concyclic
if they all lie on the same circle. . s
In the diagram, A, B, C, D, E, F are concyclic. €
F
P D
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IMPORTANT

Converse of Theorem 11: Opposite angles of

a cyclic quadrilateral

If the opposite angles in a quadrilateral are supplementary, A
then the quadrilateral is cyclic.

In the diagram, ABCD is a cyclic quadrilateral.
The four vertices A, B, C, D are concyclic.

IMPORTANT
Converse of Theorem 12: Exterior angle B
of a cyclic quadrilateral
If the exterior angle of a quadrilateral is equal A . E
to the interior opposite angle, then
. . . C
the quadrilateral is cyclic.
In the diagram, ABCD is a cyclic quadrilateral.
D
O Example 10
Prove that the points A, B, C and D form a cyclic quadrilateral.
A
41° B
D
42°
C
Solution
Find ZABC. ZABC=180°— (41 + 42)° (AABC angle sum)
=97°
Show the opposite angles are supplementary. ~ Now LADC + ZABC =83° + 97°
=180°
Write the conclusion. ABCD is a cyclic quadrilateral as its opposite
angles are supplementary.
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2ECIAAYY Figures in circles

Concepts and techniques

1 Find the values of all pronumerals in the following circles.
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Reasoning and communication
3 Show that ABCD is a cyclic quadrilateral.

a

[«

A D b B C

>
>

58° 58°

e+
Y
@}

A

B C d B
A
D
0
C
A
E

4 [Proof of Theorem 12]

a
b
c
d
e

Construct a circle with cyclic quadrilateral ABCD. Produce AB to E.

What angle is supplementary with ZADC?

What angle is supplementary with ZCBE?

What can you say about ZADC and £CBE?

Set out a formal proof to show that the exterior angle of a cyclic quadrilateral is equal to the
interior opposite angle.

MIXED CIRCLE PROBLEMS

You can use several theorems to find unknown angles and lengths.

O Example 11

Prove that the centres and point of contact of two circles that just touch are collinear.

Prove that C, A, B are collinear.

F
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Find part of ZCAB. ZFAC =90° (Tangent and radius)

Find the other part. ZFAB =90° (Tangent and radius)

Find the whole angle. ZCAB = ZFAB + LFAC=180°

Use ZCAB. CAB is a straight line

Write the conclusion. C, A, Bare collinear. QED

Prove that X, Y, U, V are concyclic.

\4
U
X Y

Consider XUY. XY is a diameter on a circle through X, Y'and
U (Semicircle converse)

Consider XVY. XY is a diameter on a circle through X, Y and
V (Semicircle converse)

Use the common diameter. The circles must be the same.

Write the conclusion. X, Y, U, V are concyclic. QED

INUSSIRIC7NICINE Circle geometry in real-life

National Library of Australia (nla.pic-an7650469)

In 1957, Jorn Utzon won the design competition for Sydney’s new opera house which was to be built
on Bennelong Point. He designed shells of ‘undefined geometry” and it became known as one of the
greatest engineering and architectural challenges to resolve the shells into a shape that could be built.

The breakthrough finally came with what is now known as Utzon’s Sphere.

Find out about the design of the Sydney Opera House and the spherical shells that signify it.
Can you build it?
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ENGSIAAUR Mixed circle problems

Concepts and techniques

1 Find the values of all pronumerals (O is the centre of each circle) in the circles below.

¢ W&

2 Find the values of all pronumerals (all external lines are tangents to the circles) in the following
diagrams.
a b

s

< 48 cm >

/ 63°
Y

5C111
3
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Q

48°

/

)

121°
7
3 Find the values of all pronumerals, giving reasons for each

step of your working (O is the centre of the circle, AB is a
tangent).

4 AB, BCand AC are tangents, with AB =24 cm,
BC=27 cm and BM = 15 cm. Find the length

5 AB=65m,AC=3.9mand BC=52m.
Prove that A lies on a diameter of the circle, given that
BCis a tangent to the circle.
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6 Find the values of all pronumerals (all external lines are tangents to the circles) in the circles below.
a b

my 18 x /A
N

Reasoning and communication

_——

7 Prove that A, B, C, D are concyclic.
A B
E
‘ C
D

8 A circle with centre O has radius r and chord AB = x with

D
ZLACD =90°.
, 2 2
Show that CD = M
2 A
B
9 In the triangles below, Z/BDE =2/BAD and A
ZCDE =2/CAD. Prove that a circle can be drawn through
A, B and C with centre D. B
D
20.| 2B
B E C
10 Two chords AB and CD intersect at 90°. Prove, for obtuse A

ZAOD, that ZAOD + ZCOB = 180°, where O is the centre
of the circle.

C O D
11 Prove that if a pair of opposite angles in a quadrilateral are L_/

supplementary, then the quadrilateral is cyclic.
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CHAPTER SUMMARY
CIRCLE GEOMETRY

Theorem 1: Angles at the centre of a circle Theorem 4: Centre angles on equal chords

B The angle at the centre subtended by an arc B Equal chords of a circle subtend equal angles
of a circle is twice the angle at the at the centre. Conversely, equal angles at the
circumference subtended by the same arc. centre subtend equal chords.

S

g

arc

Corollary
Theorem 2: Angles on the same arc Angles subtended at the centre or at the
B Angles at the circumference of a circle circumference by equal arcs are equal;
subtended by the same arc are equal. conversely, equal angles at the centre subtend

equal arcs.
"‘ Theorem 5: Chord bisector
B A radius that bisects a chord is

perpendicular to the chord.

\arc /

Theorem 3: Semicircle angle

B An angle at the circumference subtended by
a diameter is a right angle.

Corollaries are:
Conversely, a chord that subtends a right

angle at the circumference is a diameter. 1 The perpendicular bisector of a chord
passes through the centre of a circle.

The line passing through the centre of a circle
perpendicular to a chord bisects the chord.

The perpendicular bisector of a chord
bisects the angle at the centre of a circle
subtended by the chord.

=]
=
Qe
a
w \]

4 Equal chords are equidistant from the
centre of a circle.
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Theorem 6: Intersecting chords Theorem 9: Alternate segment

B When two chords of a circle intersect, the B The angle between the tangent and a chord is
product of the lengths of the intervals on one equal to the angle in the alternate segment.
chord equals the product of the lengths of the A
intervals on the other chord.

n =
P
e B
Q
M
T
B In the diagram, ZTAB = ZBTM

In the circle, AX - BX = PX - QX Theorem 10: Tangent and secant

B When a secant and a tangent are drawn to a

Theorem 7: Tangent and radius
circle from an external point, the square of

H A tangent drawn to a circle is perpendicular the length of the tangent equals the product
to the radius at the point of contact. of the lengths to the circle on the secant.
A
B
T
M
T

Theorem 8: External tangents . 2
In the diagram, AM - BM=TM

B Tangents drawn to a circle from an external

point are equal in length B A cyclic quadrilateral is a quadrilateral

whose four vertices lie on the circumference
Q of a circle.

A

In the diagram, ABCD is a cyclic quadrilateral.
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Theorem 11: Opposite angles in a cyclic
quadrilateral

B The opposite angles of a cyclic quadrilateral
are supplementary.

o
©>
Q™
o]

In the diagram, o + = 180°

Theorem 12: Exterior angle of a cyclic
quadrilateral

B The exterior angle of a cyclic quadrilateral is
equal to the interior opposite angle.

&/
.
o
R w

B Four or more points are called concyclic if
they all lie on the same circle.

\f
N

m/

In the diagram, A, B, C, D, E, F are concyclic.

9780170250276

Converse of Theorem 11

B If the opposite angles in a quadrilateral are
supplementary, then the quadrilateral is
cyclic.

180°- o > ¢

D

In the diagram, ABCD is a cyclic
quadrilateral. The four vertices A, B, C, D are
concyclic.

Converse of Theorem 12

B If the exterior angle of a quadrilateral is equal
to the interior opposite angle, then the
quadrilateral is cyclic.

B

D

In the diagram, ABCD is a cyclic
quadrilateral.
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CHAPTER REVIEW
CIRCLE GEOMETRY

Multiple choice

1 In the diagram, p = ... ’
A 18° B 36°
C age D 60°
E 72°

2 | =¢udo7 In the diagram which statement is always true?

Ad=b B b=c d
C b=c D d+c=180°
E b+c=180°

3 In the diagram m = ...
A 29° B 36° 2
C 61° D 86° 6
E 94°

)
N

4 In the diagram y = ...

A 90° B 100° / —
C 110° D 120°
E 150°
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5 In the diagram x = ...
A5 B 9
C 10 D 12
E 15
6 In the diagram, consider the statements

1 AAED||| ABEC

2 AACD ||| ABDC

Which of the following are true?

A both 1 and 2 B neither 1 nor 2
C onlyl D only2

E Itis impossible to determine

7 In the diagram,
A x=y B x=2y
180°—y
C x= ; D x=180°—-2y
E x=120°-2y

Short answer

8 O is the centre of the circle. Evaluate 0.

D

9 Evaluate y, correct to 1 decimal place.

A

9780170250276
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0 M A

@i

X
9
B
A
J
5

&
>
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10 AB is a tangent to the circle. Find the value of x correct to 1 decimal place.
yo 4
‘ *
B
" O is the centre of the circle. Find the length of tangents x and y.

12 Evaluate x, y and z, giving reasons for each step of your working.
E
A
D
B
13 O is the centre of the larger circle. Find the value of x.
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14 AB s a tangent to the circle. Evaluate o, 3 and y.
A
41°
B
15 O is the centre of the circle, and AB is a tangent. Evaluate a, b, c and d, giving

reasons for each step of your working.

Find the length of the radius of the circle. O is the centre.

17 Find the length of tangent AB.
" B
3
@

9780170250276 Circle geometry | 231




232

>

18

19

20

21

22

L AJ
| =
°

Evaluate a and b.

O is the centre of the circle. Find the value of @ and .

58°

/

Calculate the length of AB, correct to 3 significant figures, given that A and B are
the centres of the circles.

STI%

S~

Find the value of x correct to 1 decimal place.

B
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Evaluate o and .

I

25 Evaluate x, y and z.

Application
26 Prove that ABCD is similar to AABC.

N

9780170250276

23
24 Evaluate x and y, giving reasons for your working.

2
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Practice quiz

234

L AJ
| AJ
>
LJ

27 O is the centre of the circle.
a Prove that AOAC and AOBC are congruent.
b Show that OC bisects AB.

A
|
B

28 In the circle, arc MN = arc PN, LM = LP. Prove that the quadrilateral LMNP is a Kite.
IL

i P
N

29 GFH is a common tangent to both circles. Prove that LK || NM.

<

H

N

30 In the triangle DAB, AC and BF are altitudes. Prove that D, C, E, F are concyclic.
A
A&
D C B
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